ON THE TOPOLOGY OF RATIONAL FUNCTIONS IN TWO 
COMPLEX VARIABLES 



NGUYEN TAT THANG 
Dedicated to Professor Ha Huy Vui on the occasion of his sixtieth anniversary. 



Abstract. We give some characterizations for the critical values at infinity of 
a rational function in two complex variables in terms of the Euler characteristic, 
the Malgrange condition and the M-tameness. 



1. Introduction 

Let F be a rational function in n complex variables. It is well-known that F is 
a locally trivial fibration outside some finite subsets of C (see [Tl]). The smallest 
such subset is called the bifurcation value set of F and is denoted by B(F). A 
natural question is how to compute this set B(F). 

We recall the definition of the so-called critical values at infinity (or atypical 
values) of a rational function. 

Definition 1.1. A value to G C is called a regular value at infinity of F if there is a 
positive real number S > and a compact subset K C C™ such that the restriction 

F : F- 1 (D 5 (t ))\ J K- -»• D s (t ), 

is a C°°-trivial fibration, where Dg(to) '•= {t G C : \t — to\ < 5}. 

If to G C is not a regular value at infinity, we call it a critical value at infinity (or 
atypical value) of the rational function F. Denote the set of those critical values at 
infinity of F by B^F). 

Obviously B(F) contains the set Kq(F) of the critical values and the set ^^(i^), 
B(F)DB 00 (F)UK a (F). 

The aim of this article is to study the sets B(F) and i3 00 (i ;l ) of a rational function 
F in two complex variables, that is, the case n = 2. 

Let /, g G C[x,y] be two non-zero polynomials without common factors and set 
F = f/g. If deg(<7) = 0, or equivalently F is a polynomial function, then one can 
prove that B(F) = B^F) U Kq(F). Our first result is the following theorem. 

Theorem 1.2. Assume that deg(/) > deg(g). We have 

B(F) = B OQ (F) U K (F) U Ki(F). 

Here K \ (F) is a subset of C which is defined in Section 2 and by using the Milnor 
number at in-determinant point of F. 



Key words and phrases, global Milnor fibration, bifurcation value, atypical value, Malgrange 
condition, M-tame, Euler characteristic. 
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Our second result is about the set of critical values at infinity Boo(F). In the 
case of polynomial functions, there has been several interesting characterizations 
of this set. One of those via Euler characteristic is due to Ha Huy Vui - Le Dung 
Trang [HL] and Suzuki [SI]. 

Theorem 1.3. ( |HL| . [5]) Let F be a polynomial function in two complex variable 
and to € C be a regular value of F. Then to G B co (F) if and only if the Euler 
characteristic of the fiber is not a constant in every neighborhood of to- 

Another characterization of the set B oa (F) is by the Fedoryuk condition, Mal- 
grange condition and the M-tameness. Recall that for a rational function F, we 
denote by K OD (F) the set of t e C such that there exists a sequence {xk}k C C™, 
Xf- — > oo, such that F(xf.) — > t and ||gradF(xfc)|| — > 0. We say that F satisfies 
Fedoryuk condition at a value t £ C if t ^ Koo(F). If, in addition, we require that 
Hccfcll-llgradi^fc)!! — > 0, then we get a subset K oo(F) C K oo(F). We say that F 
satisfies Malgrange condition at a value t £ C if t ^ K 00(F). 

Let Moo(F) denote the set of values t £ C such that there are sequences {Xk}k C 
C and {xk}k C C™ with Xk —> 00, F(xk) — > t and grad-F(xfc) = XkXk for all 
k = 0,1,2,.... We say that the rational function F is M-tame at a value t £ C if 
t $ Moo(F). The set M 00(F) of a rational function has been studied in a recent 
paper of Arnaud Bodin and Anne Pichon where they prove that a non-zero value 
to £ C is in Moo{F) if and only if outside a large compact set of C 2 , the topological 
type of the curve F~ x (t) is a constant for all t near to- 

For the case of polynomial functions in two variables, we have the following 
characterizations of the set B M (F) due to Ha Huy Vui and Ishikawa. 

Theorem 1.4. ([H], [I]) Let F : C 2 — > C be a polynomial function and t £ C. The 
fallowings are equivalent: 

(I) t e B 00(F); 

(II) t £ K 00(F); 
(lit) t £ Koo (F); 
(iv) t £ Moo(F). 

Our second result in this article is a generalization of Theorems 11.31 and 11.41 to 
the case of rational functions. We will show that under some wild assumptions, the 
critical values at infinity of rational functions in two variables can be determined 
in terms of the Euler characteristic, the Malgrange condition and the M-tameness 
(Theorems 13.81 ETUI and [57X5]) . Moreover, we give examples showing that the Fedo- 
ryuk condition can not characterize the critical values at infinity of those functions. 

The article consists of three sections. Theorem ll.2l is proved in Section 2. Section 
3 is devoted to a generalization of Theorems 11.31 and 11.41 for rational functions in 
two complex variables as mentioned above. The main results of this section are 
Theorems EE EH and I3TTB1 

2. The bifurcation set 

In this section we give some descriptions for the set of bifurcation values of a 
rational function in two complex variables. 

Let F = fjg : C 2 \ {g — 0} — > C be a rational function, where f,g£ C[x, y] have 
no common factor. Let 

A(F) := {(x, y)£C 2 : f(x, y) = g(x, y) - 0}. 
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For each t € C set 

d t := deg(/ - tg), 
V t :={(x,y)£C 2 :f(x,y)-tg(x,y)=0}, 
G(x, y, z, t) := z dt f(x/z, y/z) - tz dt g(x/z, y/z) 

and 

V t := {[x : y : z] £ CP 2 : G(x, y, z, t) = 0}. 
Let = V* (~l -ffoo be set of points at infinity of Vt ■ 

Remark 2.1. (i) A(F) contains finitely many points. 

(ii) For alH £ C we have A(F) C {/ — tg = 0}. Moreover, if to is a regular value 
of F and £ is near to enough then every point p £ A(F) is either a regular point or 
an isolated singular point of the curve Vf. 

Definition 2.2. We denote by Ki(F) the set of t a £ C \ K (F) such that there 
exist p £ A(F) and n P (f — tog) ^ /•*?(/ — tg) for all t ^ to near to enough, where 
— ^9) ls the Milnor number of / — tg at p. 

Remark 2.3. For each curve V C C 2 we denote by SingF the set of singular points 
of V. Then t £ K X {F) if Sing{/ - t g = 0} n = 0. 

Lemma 2.4. Lei _F := - : C 2 \ {g = 0} — > C be a rational function, where f,g £ 
C[x,y] have no common factor. Then 

B{F) C K {F) U B^F) U K\{F). 

To prove the Lemma, we need the following results. 

Theorem 2.5. ((THEE]) Let g s : (C™,0) -4- (C,0),n^ 3,s6 M m fee a differential 
family of holomorphic germs such that for all s the origin £ C" is an isolated 
singular point of g s . Assume that Ho(g s ) — A*o(ffo) for all s near £ M. m enough. 
Then, there exist a neighborhood Dof0£ M™, a small ball B centered at the origin 
and a continuous family of homeomorphisms 

$ s : g-\0)nB^g o - 1 (0)nB, S £D 

such that $ s (0) = 0. 

Let h : X — > Y be a continuous map. A homotopy of h is a continuous map 
H : X x [0; 1] -> Y such that H(x; 0) = h(x) for all x £ X. 

Definition 2.6. The continuous map it : E — > B is called a fibration, or equiva- 
lently, has homotopy lifting property, if for all polytopes X and for any continuous 
map h : X —¥ E, every homotopy $ of it o h can be lifted to a homotopy of h, i.e. 
there exists a homotopy H of h such that the diagram 

E 



X x [0; 1] B 

commutes. 

Definition 2.7. ([M]) Let X, Y be topology spaces. Two homotopies 

h,h' -.x x [o, i] y 

are called to have the same germ if they coincide in a neighborhood of X x {0}. 
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Definition 2.8. (|M|) The continuous map n : E — > B is called a homotopic 
submersion, or equivalently say that it has the germ-of-homotopy lifting property, if 
for every polytope X and every continuous map h : X — » E every germ-of-homotopy 
of 7r o h lifts to a germ-of-homotopy for h. 

Definition 2.9. (jM]) The continuous map 7r : E — > B is called a ZocaZ homotopic 
submersion if for every x £ E there is a neighborhood J7(x) C E such that the 
restriction ttijjm is a homotopic submersion from U(x) onto 7r(f/(x)). 

Lemma 2.10. (|Mj. Lemma 6) Le£ ir : E ^ B be an open continuous map. Assume 
that it is a local homotopic submersion. Then n is a homotopic submersion. 

It deduces from Lemma ^. 101 that 

Lemma 2.11. Let f : V± Y% be a differential map. Assume that f is a submer- 
sion. Then f is a homotopic submersion. 

Lemma 2.12. ([M]) In the following commutative diagram of continuous maps, 

E^+E' 



B 

assume that ir and ir are surjective homotopic submersions. If ir is a fibration 
and for every b € B, the restriction hf, := /iu-i(M : 7r _1 (6) —5- ir ~ 1 (b) is a weak 
homotopy equivalence, then 7r is a fibration. 

Lemma 2.13. ([M]) Corollary 32) Let ir : E — s> B be a differential map such that 
dimR_E = dimjs-B + 2. Assume that the followings are satisfied: 

(i) 7r is a surjective; 

(ii) 7r is a fibration; 
(hi) 7r is a submersion. 

Then 7r is a locally C°° — trivial fibration. 

Proof of Lemma^m Let t a i K (F)UB oo (F )LlKi(F). Without loss of generality, 
we may assume that to = 0. 

Since ^ K\{F) there is a neighbourhood D\ of such that 

M/ -tg)=» p (f),Vt€D 1 ,p€ A(F). 

Hence, according to Theorem [231 there exists a small neighbourhood Z?2 of such 
that for every p £ A(F), there is a ball B{p) centered at p and there is a continuous 
family of homcomorphisms 

%{s) ■ {/ - sg - 0} n B(p) {/ = 0} n B( P ),s £ D 2 

such that $ p (s)(p) = p. 

The family $ p (s), s £ D 2 , generates a homeomorphism as follows 

%: F-\D 2 )C\B{p) -»■ (F- 1 (0)nB(p)) x D 2 
* p (x) = ($ p (F(x)),F(x)). 
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Thus, we have the following commutative diagram of continuous maps 
F-\D 2 ) n B{p) % (F- 1 ^) n B(p)) x D 2 . 

D 2 

Since ^ Kq(F), we can choose D 2 small enough such that the restriction 
F\ F -HDz)nB(p) ■ F~\D 2 ) n B(p) D 2 

is a submersion, hence, is a nomotopic submersion (according to Lemma 12.111) . 
Moreover, since $ p (s) is a homeomorphism, the restriction 

($ P )| F -i W : F- 1 ^) ->j>rj 1 (a) = (^(OjnS^)) x {s} 

is also a homeomorphism. Therefore, it is a weak homotopy equivalence. Thus, by 
Lemma T2.121 the map 

F\ F -HD 2 )nB( P ) ■ F- 1 ^) n B(p) -> # 2 

is a hbration. It is easy to check that fibers of the map are two dimensional. It 
follows from Lemma \2. 131 that it is a C°°— trivial fibration. So there is a differmor- 
phism 

* p : F^ 1 (D 2 ) n fl(p) -»• (F- x (0) H fl(p)) X £> 2 
such that the following diagram 

f-\d 2 ) n B(p) £■ {F-\o) n B(p)) x D 2 

pr-2 

D 2 
commutes. 

On the other hand, since ^ Boo(F), there exist a neighbourhood D3 of 0, a 
compact set BcC 2 and a homeomorphism 

* 2 : F~ 1 (£> 3 ) \ B -> (F- x (0) \B)xD 3 

such that the diagram 

F-ip 3 )\fl_£(j?-i(0)\B)xZ>3 

pr-2 

Ai 

commutes. 

Without loss of generality, we may assume that D 2 = Dj, = D. Since is a 
regular value of F, we can choose D small enough such that every t G £) is regular 
value of F. 

Now, we construct a convenient vector field v(x) on F~ 1 (D) trivializing the 
restriction F\ F -i/ D y Let i" G F^ 1 (D) arbitrary, we consider the following cases, 
a) Case 1: x a G B(p) n F~ 1 (D),p G A(F). Let E/ Q := B(p) n F" X (D) and 

v a (x) := 9 ^g s — (^(x)), where s is coordinate on D. 
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It is easy to verify that 

< v a (x),gradF(x) >=l,x£ U°. 

b) Case 2: x a G F^iD^B. Let U a = F^ 1 (D)\B and v a (x) = ^§f^(^ 2 (x)), x G 
U a . Similarly, we have 

< v a {x),gmdF(x) >=l,x€ U a . 



c) Case 3: x a G (F-^D) n intB) \ (U peA(F) S(p)). Let [/" := (F~ 1 (D) n 
int-B) \ (Up £j 4(i?)S(p))- Since t G -D is regular value of F then grad J^(a;) 7^ for all 
x G F- 1 {D). Let 

gradF(x) 
W || grades)!! 1 ■ 

Then 

< v a (x),gmdF(x) >=l,xe U a . 

d) Case 4: i" G <9£> U (U peA(F) dB(p) n .F -1 (£))). Since f G D is a regular value 
of F, then x a is a regular point of F. Hence there is a small neighbourhood U a of 
x Q such that gradF(x) ^ for all x £ U a . Similarly, let 

gradF(x) 
(Xj ||gradF(x)||'^^ ■ 

Let A a be a smooth unit partition on F~ 1 (D) such that suppA Q C U a for all a. 
The vector field v(x) on F^ 1 (D) is defined by v(x) := ^ a {x)v a (x). 
It is clear that v(x) is smooth and satisfies 

< w(a;),gradF(a;) >= l,x G F^ 1 (D). 

By integrating the vector field i>(x), we get the diffeomorphism trivializing the 
map 

F {F - 1{D) :F- 1 (D)^D. 
Thus i B(F). □ 

Now, we assume that deg/ > degg. Then d t and do not depend on t, set 
d := d t . The following is deduced from Corollary 4.4 in [Uj . 

Proposition 2.14. For all t G C, we /lave 

X04) = X(V) + Z peSing ( Vt) n P (G(x,y,z,t)), 

where V is a smooth projective curve of degree d and Vt is the projective closure of 
the curve Vt C C 2 . 

Lemma 2.15. Let F = f / g : C 2 \ {g = 0} — > C be a rational function and to be a 
regular value of F. Assume that deg/ > degg and x(^ _1 (i)) = x(^ _1 (^o)) for all 
t near to enough. Then to ^ K\ (F) and there exists a neighborhood D of to such 
that 

fi p (G(x,y,z,t)) = fip(G(x,y,z,t )),p G Voo,t G D. 

Proof. Let D be a neighborhood of to such that x(Vt) = x(Vto) f° r a ^ t & D. Since 
to ^ Ko(F), we can choose D small enough such that is smooth for all 

t G D. 

By using the Mayer- Vietoris exact sequence, we obtain 
X (F-\t)) = x(V t ) - Woo - #A(F). 
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Therefore, according to Proposition 12. 14[ we have 

xiF'^-xiF'Hh)) = X» p (G(x,y,z,t)) - E» q (G(x,y, Mo)) 
= ^ P eA(F)(fJ-p(f - tg) - - t g)) + Epev^ (fj, p (G(x, y, z, t))- 

- n P (G(x,y,z,t ))). 

Since the Milnor number is a semi-continuous function in t, then x{F (t)) — 
X(F- x (to)) < 0, the equality occurs if and only if 

H P (G(x, y, z, t)) = Hp(G(x, y, z, t )), 
for all p G Vocp G A(F). □ 
Proof of Theorem \1.2i According to Lemma 12. 4\ it is enough to prove that 

K Q (F) U B qo (F) U Ki(F) C B(F). 

Let to ^ B(F) arbitrary. Then F defines a locally C°°— trivial fibration at to- Let 
D be the neighborhood of to such that the restriction 

F\f~ 1 (d)' F~ l (D) —¥ D 

is a C°°— trivial fibration. That implies to £ B OQ (F). 

According to the Sard's Theorem, we can take a regular value t\ of Fip-imy 
Therefore the fiber i 7 '~ 1 (ti) is smooth. Since Ftp-im> is trivial, it is also smooth. 
Thus t £ K {F). 

On the other hand, for alH G D the fiber F _1 (io) is homeomorphic to F^ 1 ^). 
Therefore their Euler characteristic are equal, by Lemma [2.151 we get to ^ K\(F). 
The proof is complete. □ 

3. Critical values at infinity 

Let F = ^ : C 2 \ {g — 0} — > C be a rational function, where /, g G C[x, y] have 
no common factor. This section is to characterize the critical values at infinity of 
F. 

Let < e C \ (ifo(-F') U K X {F)) such that 
(1) d := deg(/ - £ flO = max{deg /, degg}. 

Without loss of generality, we may assume that 

d = dcg x (f -t Q g). 

Remark 3.1. The assumption [1] holds in the following situations: 

1) deg/ > degg; 

2) deggr > deg / and t ^ 0; 

3) deg / = deg g — d and to ^ , where fd, ga are respectively the highest-degree 

yd 

homogeneous components of /, g. 

3.1. Geometrical and topological characterizations. We denote by L the fol- 
lowing linear function 

C 2 -> C, (x, y) ^ y. 

For each t e C let 

L ( := V* : K C 

and 

I t :=L| F -i (t) i^- 1 ^) ->C, 
where 14 = {(x, y) G C 2 : f(x, y) — tg(x, y) = 0}. It is easy to prove that 
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Lemma 3.2. For all d > small enough and t 6 Ds(to), the map 

Lf.Vt^C 

is proper and #L^~ 1 (c) = d, where c is a generic constant and D§(to) = {t G 
|* — *o[ < 



The following follows from Lemma 13.21 and the argument in the proof of Lemma 
3.2 in [HTj . 

Lemma 3.3. Under the hypothesis in Lemma \3.2\ for all 6 > small enough, the 
restriction 

Ls '.= Liu V* '■ U f _ n u \ Vt C 

< u ten s (t ) Vt tGDs(to) 

is proper. 

Remark 3.4. 1) The critical points of It : F^ 1 ^) — > C are exactly the critical points 
of L t : Vt — > C not belonging to the set Vt. 

2) The critical points of Lt : Vt — > C are algebraic functions in t, we can divide 
them into two types: 

(i) The points which tend to critical points of L to as t — > tQ. The number 
of points in this type, counting with multiplicity, is equal to the number of critical 
points, counting with multiplicity, of L to . 

(ii) The points that tend to infinity as t — > t (the points in this type are 
also critical points of It). 

Lemma 3.5. For each a > and 6 > let 



U(a,S) :={\L\^a}nF-i(D s (t )). 
For a is large enough and S is small enough we have 
x(Vt)-x(Vt )=x(F-\t ))- X (F-\t)) 

= X (F-\t ) \ U(a, 6)) - x(F-Ht) \ U(a, 5)), 
where V t = {(x,y) G C 2 : f(x,y) - tg(x,y) = 0}. 

Proof. According to Remark 13.41 for sufficiently small enough 5 and sufficiently 
large enough o, all critical points L t in U(a,d) are in the first type. Let Qi,i = 
1, . . . , s be the critical points of L to in U(a, S). Let Dp i as the disc centered at L(Qi), 
with the radius sufficiently small enough (3i, then for sufficiently small enough 5 
there is no critical point of L t in U(a,8) \ L)f =1 L~ 1 (D/3 i ). 
For each i = 1, . . . , s and t £ C we denote 

Ml := (V t n 17(0, 6)) \ Lg 1 (D^ i ), N l t := (Vt n U(a,8)) n Lj\D^) 

and 

C':={zeC: \z\ ^a}\D 0t . 

According to Lemma \'3. 21 for all t G D$(to) the restriction L t — L\v t is proper, 
then L(Vt) is close and constructible. Hence L(Vt) = C and the restriction map 
L| M i : Ml — > C % is surjective. Moreover, it is easy to check that L\m\ does not have 
critical point. Thus, the map L\ M i is an <i-sheeted unbranched covering. Then 

(2) X (Mi)=d- X (C i ),VteD s (to). 
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On the other hand, the restriction map L\ N i : NJ: — > Dp i is a d-sheeted covering 
branching over the critical points. By the same argument as in the proof of Theorem 
3.1 in [HT], we have 

(3) x(W) = d- Pi (t),VtGD s (t ), 

where Pi(t) is the number of critical points in Dp i , counting with multiplicity, of 
L t . By using the Mayer- Vietoris exact sequence, we get 

s 

x(V t ) - x(V t0 ) = (x(V t \ U(a,5)) - X (V to \ U(a,S))) + 5>;(t ) - 

i=l 

Moreover, by Remark [3^11 the second term is equal to and V t \ U(a, 5) = F _1 (t) \ 
U(a, 5). Then 

x(Vt) - x(V t0 ) = x(F-\t) \ U(a, 6)) - x^" 1 ^) \ U(a, 5)). 

Similarly, since to ^ Ki(F), by using the Mayer- Vietoris exact sequence again, 
we can prove that 

x(V t )-x(V t0 )=x(F- 1 (t))~ X (F'\t a )). 
From the last two equalities, we get the conclusion of the lemma. □ 

Theorem 3.6. Let F = f jg : C 2 \ {g = 0} — > C be a rational function, where 
f,g G C[x, y] have no common factor, and let to ^ Ko(F) U K±(F) such that 

deg(/ - t g) = dcg x (f - t g) = max{deg/,degfl'}. 

Then the followings are equivalent: 

ft) t i £un 

(ii) There is no critical point of It — L\p-i^ t ) which tends to infinity as t — > to- 

Proof, ii) =>■ i): Assume that there is no critical point of It going to infinity as 
t — > to. It follows that if a number a is large enough, then the set 

U(a) = {\L\ ^ a} n (F-i(D s (t ))) 

contains all the critical points of the maps lt,t S D$(to). It follows from Lemma 
13.31 that U(a) is bounded, hence, is a compact set. By the same argument as in 
proof of Theorem 3.1 in |HT| . the restriction 

F\ F -HD s (t ))\u(a) ■ F-^Dsito)) \ U(a) -> D s (t ) 

is a trivial fibration. Hence to B^F). 

i) =>• ii): By contradiction, assume that there exist critical points of l t going to 
infinity as t — > t - 

Let 

K := U(a) = {\L\ ^ a] nFHD^)) ', 

where \a\ ^> 1 such that all critical point of l to , all critical points in the first type 
of Lt, t G Ds(to) and the points of the set A(F) are contained in K. It follows from 
the assumption that for arbitrarily small S, there exists t G As (to) such that It has 
critical points Pi(t), . . . , P m (t) that do not belong to K. 

Let D ei , i — 1, . . . , m, be the disc centered at a, := L(Pi(t)) with radius q small 
enough. We consider the following restrictions 

L : (F-\t ) \ K) \ ^IJ\D H ) -> (C \ 1 5 {K)) \ U™ ^ 
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and 

L : (F-^t) \ K) \ ^lj\D H ) -> (C \ l s {K)) \ U™ =1 D ei . 
These maps are well-defined. By the similar arguments as in Proof of Lemma l3.51 we 
can prove that these maps are d— sheeted unbranched coverings. As a consequence, 
we have the following 

xdF-Hto) \ K) \ U™ ^\D ei )) = X {{F-\t) \ K) \ U™ ,lj \D e J) 

= d X ((C\ls(K))\uT =1 D et ). 
Now, for each i = 1, . . . ,m and t S Dg(to) let us consider the restricted map 
L\ := V-i (t) nL-i(D £i ) : n L-\D U ) -> D ei . 

Since V t = U A(F), we have C \ L(K) C L(-F _1 (i)). Hence, we can choose 

Cj small enough such that L\ is surjective. Moreover, for all t the map is proper, 
for t to the map L\ has critical points Pi(t), and has no critical points, then 
by using the same argument as in the proof of Theorem 3.1 in [HT], we have 

x (F-\t )nL- 1 (D u )) = d, 

and 

where is the multiplicity of the critical point Pi (t) of the map It ■ 
It follows from the Mayer- Vietoris sequence that 

m 

xiF-^to) \ K) - x(F~\t) \K) = J2n^ 0, 

i=l 

since there are critical points of It tending to infinity when t tends to to- By applying 
Lemma[3j)J we get y(F - 1 (t)) ^ xiF' 1 {to)) for all t near t . Thus t E B oa (F). □ 

Let S(y, t) — disc x (/ — tg) be the discriminant of / — tg with respect to x. Then 
the critical points of It are (x(t),y(t)) such that y(t) is a root of S(y,t) = 0. These 
points go to infinity as t — > to if and only if y{t) — > oo when t — y to- We can write 

S(y,t) = q k (t)y k + qk^y*- 1 + ■ ■ ■ . 

Then S(y,t) has a root tending to infinity when t — ^ £o if an d only if qk(to) = 0. 
The following is an immediate corollary of Theorem 13.61 

Corollary 3.7. Let F = f / g : C 2 \ {g = 0} — > C be a rational function, where 
f,g£C[x,y] have no common factor and to ^ Kq{F) U K\(F) such that 

deg(/ - tog) = deg x (f - t g) = max{deg/,degs'}. 

Then, to £ B^F) if and only if qk(to) = 0. 

Theorem 3.8. Let F = f jg : C 2 \ {g = 0} — > C be a rational function, where 
f, g£C[x,y] have no common factor, and let to ^ Kq(F) U K\(F) such that 

deg(/ - hg) = deg x (f ~ t g) = max{deg/,degs'}. 

Then the followings are equivalent: 

(i) h f Boo(F); 

(ii) There exists a compact subset K of <C 2 such that 

X (F- 1 (to)\K)>x(F- 1 (t)\K), 

for all t generic. 
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Proof, (i) =^ (ii): Let K ~ U(a,S) = {\L\ < a} n F- 1 (D s (t )). According to the 
proof of Theorem 13.61 if a is large enough and S is small enough then 

x(F- x (io) \ K) - x{F-\t) \K) = p,Vte D s (t ), 

where p is the number of critical points P(t), counting with multiplicity, of the map 
It such that ||P(t)|| — > oo as t — > to- 

Since to G B 00 (F) then according to Theorem I3.6| we have p ^ 0. Thus 

x(F-\t )\K)> X (F- l (t)\K), 

for all t different and near f . 

(ii) => (i): Let K be the compact set such that 

x{F-\t )\K)>x{F-\t)\K). 

By contradiction, assume that t ^ B ao (F). Since to ^ K (F) U Ki(F) then F 
defines a locally C°°— trivial fibration at i - Let D be the neighbourhood of to and 
<f> : F^ 1 (D) — > F~ 1 (t ) x D be the diffeomorphism trivializing Fip-imy 

Hence, the restriction ^>\f- 1 (d)\k induces a diffeomorphism trivializing the map 

F\ f - H d)\k: F-\D)\K^D. 

This implies that 

X (F-\t)\K) = x{F-\to)\K) 
which contradicts the assumption. Thus to G _B oc (i 7 '). □ 

Theorem 3.9. Let F = f/g : C 2 \ {g = 0} — > C be a rational function, where 
f, g G C[x, j/] /lave no common factor, and let to £ Ko{F) U K\(F) such that 

deg(/ - toff) = deg x (/ - f g) = max{deg/, deg#}. 

T/ien the followings are equivalent: 

(i) to e Boc(P); 

- = 0}) > x({.f - *9 = 0}), for all t generic; 
(Hi) xiF^ito)) > xiF^ 1 ^)), for all t generic. 

Proof. The proof is straightforward from Lemma 13.51 and the proof of Theorem 
EH □ 

3.2. Analytic characterization. In this section, we will determine the critical 
values at infinity of rational functions in two variables in terms of Malgrange con- 
dition and M-tameness. Assume that d := deg/ > degg. 

Definition 3.10. ([LS], [P]) Let H(t,x) : C" +1 -> C be a analytic function such 
that for every t the point G C" is an isolated singular point of H(t, x). Then the 
following set 

T H = {(t, x) g C n+1 : dH/dt ^ 0, dHjdx 1 = ... = dG/dx n = 0} 

is called the relative polar curve of the family of hypersurface {x G C n : H(t,x) — 
0}. 

Theorem 3.11. ([LS], [P]) Let H(t,x) : C n+1 — > C be an analytic function such 
that for every t near to enough the origin is an isolated singular point of H t (x) := 
H(t,x). Then, the followings are equivalent 

(i) \dH/dt(t, x)\ <C \\(dH/dxi, . . . , dG/dx n )(t, x)\\ for all (t, x) near (to, 0) enough; 

(ii) po(H(t,x)) = p,o(H{to,x)) for all t near to enough; 

(Hi) There exist a neighbourhood B of (£o,0) such that Th FlB = 0. 
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Since deg/ > degg then deg(/ — tg) = deg/ for all t and the set V£, of points 
at infinity of V* does not depend on t. Denote Voo ■— V^. 

Considering a point po G Voo ■ Without loss of generality, we may assume that 
Po = [1 : : 0] <E CP 2 . Then (y, z) forms a local system of coordinates near po- Let 
G(y, z, t) := G(l, y, z, t). Then either (0, 0) is a regular point or an isolated singular 
point of G(y, z, t). 

The following is a version of Lemma 3.1 in [P] for rational functions. 

Lemma 3.12. Let F = f/g: C 2 \ {g = 0} — > C be a rational function, where f,g £ 
C[x,y] and deg / > degg. Let t € C \ (JfoCF) U i^i(-F)) and p Q = [1,0,0] € V^. 
Assume that, either po is a regular point ofVt or po is a singular point ofVt and 
M(o,o)(G(y, z,t)) = H(o,o)(G(y,z,t )) for all t near t enough. 
Then, for all positive integer N , the following holds 

(4) \8G/dt\ « \\{dG/dy,z^- x y N dG/dz){y,z,t)\\ 

as (y, z,t) -4 (0,*o). 

Proof. The case that po is nonsingular is easy. Now, we assume that for each t, po 
is a singular point of Vt and H(o,o)(G(y, z,t)) = fi(o,o)(G(y, z, to)) for all t near to 
enough. For each N > 1, we consider the function 

G N (y,z,t)=G(y,z N ,t). 

Th en aCLv = dG 8G* = Nz N-X9G and 9G fL= 8G_ 
ay ay 7 oz az at at 

Since (0, 0) is a singular point of {G(y, z, t ) — 0}, it is easy to prove that (0, 0) 
is also an isolated singular point of {Gm{Vi z, t) = 0} for all t. 

According to Theorem 13. Ill it suffices to show that the relative polar curve: 



T Gn = {(y, z, t)\0G N /dt ? 0, dG N /0y = 0, dG N /dz = 0} 

of the family {Gn(v, z, t) = 0} is empty in some small neighborhood of (0, 0, to). 

By contradiction, we assume that there exists a sequence (yk, Zfe, ife) — > (0, 0, to) 
such that 

(5) ^^-{y k ,z k ,t k ) ^ 0, ^^-(y k ,z k ,t k ) = ^K(y k , z k ,t k ) = 0,Vfc. 
We have 

^^-{y k ,z k ,t k ) = ^j-(y k ,z k ,t k ) = -z^g(l/z kl y k /z k ) ^ 0. 

Since d > degg then z k ^ 0. Hence, it follows from (0 that ^f(y k , z k ,t k ) = 0. 

That means the relative polar curve Tg of the family {G(y,z,t) = 0} is not 
empty in some neighborhood of (0,0, to)- This contradicts to the assumption. The 
proof is complete. □ 

By the Curve Selection Lemma and by using the inequality in Lemma 13.121 for 
all N, we obtain 

(6) \8G/dt\ ^ C\\(dG/dy,zdG/dz)\\. 

By applying the same argument as in the proof of Lemma 3.2 in [P] . we receive the 
following. 
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Lemma 3.13. Under the hypothesis in Lemma \3.12\ for all (y, z, t) 6 {G(y, z, t) — 
0} and (y,z,t) — s> (0, to), we have 

(7) \zdG/dz\<\dG/dy\. 

Theorem 3.14. Let F = f/g: C 2 \ {<? = 0} — > C be a rational function, where 
f,g€C[x,y] and deg/ > deg g . Let t £ C \ (K (F) U Ki(F) U i? oc (F)). Then F 
satisfies the Malgrange 's condition at to . 

Proof. Let D be the neighbourhood of to such that 

x(^" 1 (io))-x(^ 1 W),Vt£^. 

According to Lemma T2.151 for all p £ and t e D, either p is a regular point of 
Vt or is a singular point and fj, p (G(x,y, z,t)) — n p (G(x, y, z, to))- 

Let p € Voo arbitrary. Without loss of generality, we may assume that p = 
[1,0,0]. It follows from inequalities ([6]) and (0 that 

\dG/dt\ s: C\dG/dy(y,z,t)\ 

for all (y, z, t) <E {G(y, z, t) = 0} near (0, 0, to) enough, where G(y, z, t) = z d (f(l/z, y/z) — 
tg(l/z,y/z)). We have 

\z • g(l/z,y/z)\ «C | A(/ _ tg)(l/z,y/z)\ 

for all (y,z,t) near (0,0, to) enough such that (/ — tg)(l/z,y/z) = 0. 
Now, set z — j£ and y = we obtain 

0<l/C^||(X,y)||-||gradF(X,y)|| 

for all (X, Y) — > oo and F(X, Y) — > t . Thus F satisfies the Malgrange's condition 
at t - □ 

Now we consider the M-tameness of F. Firstly, we prove the following. 

Theorem 3.15. If F satisfies the Malgrange's condition at a value to, then F is 
M-tame at to- 

Proof. Assume that F is not M-tame at to, i.e. there are sequences {pk}k and 
{Xk}k such that 

Pk -> oo, F(p k ) -)■ to and gradF(p fe ) = X k p k . 

We will show that F does not satisfy the Malgrange's condition at to- 

Indeed, By the Curve Selection Lemma, there exist some real analytic curves 

(x(t), y(r)) — > oo and A(t), r e (0, e) such that gradf^r), y(r)) — X(t)(x(t), y(r)) 

and F(x(r),y(T)) — > t when t — > 0. 

For each analytic curve 4>(t) = cr m + higher powers (c ^ 0), we denote deg(0(r)) = 

to. If 0(t) and p(r) are two analytic curves then we define deg(-^y) = deg((/)(T)) — 

degO(-r)). 

Since F(x(t), y(r)) ->■ t , then deg(/(x(r), y(r))) = deg(#(a;(T), t/(r))). Hence 
deg^'(x(T),?/(T)) > -1. Thus 

deg(< (a;(T),2/(T)),gradi ;l >) > and ||(z(t), y(r))|| • ||gradF|| ->■ 0. 

Therefore F does not satisfy the Malgrange's condition at to. 

□ 

The main theorem in this section is the following. 
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Theorem 3.16. Let F = f/g: C 2 \ {g = 0} — > C be a rational function, where 
f,g e C[x,y] anddegf > degg. Let to e C\(K (F)llI<i(F)). Then, the followings 
are equivalent 

(i) t 6 B QC (F); 

(ii) t £ K oa (F); 
(Hi) t G Moo (J 1 ). 

Proof, (i) ==> (iii): Assume that F is M-tame at to. Then for S > small enough 
and R > large enough, we can construct in F~ 1 (Ds(to j) \ Br a smooth vector 
field v(x) such that 

<v, x >= 0; 
<v, gradF >= 1. 

Where Br is the close ball in C 2 with radius R centered at the origin. 

Now, by integrating the vector field we get a diffeomorphism trivializing the map 

F-.F-^Dsito^XBn -+ D s (t ). 

(ii) (i): By Theorem SH 

(iii) => (ii): By Theorem EES □ 

Remark 3.17. Theorem 13. 161 remains valid if deg/ < degg and to ^ 0. 

3.3. Examples. To conclude we give some examples showing that the Fedoryuk 
condition is not necessary for a value to be regular at infinity. 

Example 3.18. Let F(x, y) = f|±i and L : C 2 -> C, (x, y) i-> y. 

The critical points of l t are (x,y), where x = \/(l — l/t),y — 2x/(l — x 2 ). It 
is easy to check that these points do not go to infinity when t —> i. According to 
Theorem 13.61 we have i ^ Bao(F). 

Now let (x k ,yk) = (k,ik). We see that \\(x k ,yk)\\ ->■ oo,F{{x k ,y k )) -> i and 
Hgradi^fccfc, Z/fc) || -> as fc -> oo. That means i G K OQ (F). Thus Xoo(^) ^ B X (F). 

Example 3.19. Let F(x,y) = f^±j. It is easy to check that B^F) = {0}. 
Let p k :— (k, \k 2 ) G C 2 ,c ^ 0, fc > 1, we see that F{p k ) — ► c as k — > oo, and 
gradi^(pfc) 0. Therefore Kcx>{F) = C. In particular, Boo(F) ^ K^F). 
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